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The differential equations of motion of a multicomponent compressible
viscous heat-conducting mixture have been derived under the assumption
that the hydrodynamic and physical-chemical characteristics in the stream
are continuously differentiable [1-4].

In this paper we shall derive relationships for multicomponent viscous
heat-conducting mixtures when the effects of thermal diffusion and
pressure-diffusion are taken into account., We shall also obtain relation-
ships on surfaces of discontinuities (of density, pressure, particle
velocity, temperature, constituents) to the approximation of boundary-
layer theory. For the case of a homogeneous fluid the relationships for
strong discontinuities were obtained in [ 5 ], likewise to the approxima-
tion of boundary-layer theory. As examples, we shall treat the flow past
a plane plate when leakage through its surface takes place and the evapo-
ration of the fluid film is taken into account, and the flow past a sub-
limating wall in an equilibrium gas flow.

1. Derivation of conditions on surfaces of strong discon-
tinuity in multicomponent viscous heat-conducting mixtures.
When deriving the conditions on a surface of discontinuity we shall start
from the equations of motion of a multicomponent mixture written in in-
tegral form.

1. The equation of conservation of mass of the ith component of a
mixture is
aM,

d i .
2 g pidT = — G=1,...N) (1.1)
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where V.* is a certain fluid volume moving with the velocity field v,
(v; is to be taken as the statistically averaged value of the particle
velocity of the ith component of a mixture relative to some fixed co-
ordinate system), p = n;m; is the density of the ith component, n; is
the number of moles in a unit volume, m; is the molar mass of the ith
component, N is the number of components in the system. On the right-
hand side of Equation (1.1) is a term which is due to the change of the
mass of the ith component as the result of chemical reactions.

2. When we sum Equations (1.1) over index i and make use of the law
of mass conservation in the chemical reactions, then we obtain the equa-
tion of conservation of mass of the mixture

d
-d-t-ﬂpdxzo (1.2)
P
where V* is the volume of a fluid which coincides at the moment under
consideration with the volumes V;*, but moves with the velocity field

N . N
V:EC}{V&- (ciz"pi! po== Zpk}
k=1

e k=1
where ¢; is the mass concentration of the ith component.

3. The equation of conservation of momentum is

2 {ovar={p.ds (1.3)

V* 8

where p, is the stress tensor on the plane surface, n is the normal to
the plane, S is the surface bounding the moving volume V*. Equation (1.3)
is written on the assumption that external body forces do not exist.

4, The equation of conservation of energy is

d 2 N

2 \elet+g)dv={pvds—{Imds (c= 3 cc,) (1.4)
Ve 8 8 k=1

where e is the internal energy of a unit mass of mixture, e; is the

partial internal energy of the ith component, J& is the thermal-energy

flux-intensity vector,

If the functions under the integrals are continuous, then from (1.1)
to (1.4) we obtain the differential equations of motion of a multicomponent
mixture. Let ¥ be the isolated piecewise smooth surface of the discon-
tinuity, moving with the normal velocity D and located entirely inside
the volume V, which coincides at the moment under consideration with the
volume V*, but moves together with the surface X. Then, for any integrable
function A(x, y, z, t), the following equation is valid:
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d d { ) . -
E?S Adv= = \ Adr +3A(1)@ v,) ds (1.5)
v v 5

Noting that when volume V contracts to the surface X the left-hand
side of Equation (1.5) approaches zero uniformly [ 6 ] with respect to
time t, we obtain, using Equation (1.5) in Equations (1.1) to (1.4)

P1Ci1 (D — Vin, 1) = PoCir (D — Vin, 2) (i=1,...,N) (1.6)
P1(D —vn1) = pa (D —vno) (1.9)
P1(D —vny) Vi -+ Prr = P2 (D — ng) Vo + P2 (1.8)
py (D — ) (e1 + —;—vlz) + (PmV1) — (Jony, (1.9)

=Pg (D — vny) (32 + ’;“ ?722) + (Pn2Ve) — (Jg0)2

If we introduce into Equation (1,6) the densities of the mass streams
Jy=pi(vi— V) =p;Vy, Vi=vi—v

then Equation (1.6) may be written in the form

P1Cir (D — vny) — Jin, 1 = palip (D — vng) — Jin, 5 (i=1,...5 (1.10)

Relation (1.7) is the result of (1.10); note that in the derivation
no assumption was made as to the properties of any particular medium.

In distinction to the relations for strong discontinuities on a homo-
geneous medium [ 6 ] the relations (1.7) to (1.10) contain N — 1 addi-
tional equations, expressing the law of conservation of mass of each com-
ponent. Furthermore, the heat flux vector here depends not only on the
temperature gradient, but also, generally speaking, on the local concen-
tration and pressure gradients [ 3,4 ]. Expressions for the vectors
J; (i=1, ..., N) and J_ in terms of the macroscopic quantities and
physico-chemical parameters of the mixture may be obtained either from
the thermodynamics of irreversible processes [3,4] for arbitrary
mixtures, or from the kinetic theory of inhomogeneous gases in a non-
equilibrium state. Both derivations yield the same results:

(1.11)

N
2
Ji= —%— Z mimy Dy [¢i” -+ ¢ (pri— 1) 7 In p) —DiTV]nT (t=1,...,N)

k=:1
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N N I&DT N
N\ il )
Jy=—AoT + -5 }_‘ e (Ve— Vi) + 2 hdy (1.12)
k=1 i=1 k=1
N n N . N ¢ —1 N
- i m *
(n: ,nk,ciz._’_‘_-—_-_’;i..ci,mz%:z ckmk=(z;n_’,‘_) R ZDkT:())
x=1 i k=1 By K k=1

where c.;* is the molar concentration; m is the average molar mass of a
mixture; D;, are the multicomponent coefficients of diffusion, which may
be expressed according to kinetic theory in the first approximation in
terms of 1/2 N(N — 1) binary diffusion coefficients Dix of the various
component pairs and the composition of the mixture; A 1s the coefficient
of heat conductivity of the mixture; DiT are the multicomponent thermal-
diffusion coefficients; h; and v; are the partial enthalpy and the
volume of the ith component, respectively.

In the case of mixtures of fluids (solutions, mixtures of gases) the
expression for the stress-tensor p, in (1.8) is identical with the ex-
pression obtained in the hydrodynamics of a homogeneous fluid if the in-
fluence of chemical reactions on the stress tensor is not taken into
account. The coefficients Dy, DiT, A and g depend on pressure, tempera-
ture and the composition of the mixture, and will be referred to as
known functions of the characteristics of the mixture.

In the case of a binary ideal mixture containing components i and j,
Expressions {1.11) and (1.12) assume a particularly simple form

/ mimj
Ji=—1J; = —p%Dyj (Vci + ity In p -+ —= azcic;v In T) (1.13)
s Cs
Jq=-—-7\.§7T +dT—§—JiT‘*‘(hi“—hj)Ji d,pz(mj—mi) (n—z—%—f—al}-) s (114)
¢ + Cj == 1

where arp is the thermal-diffusion constant.

1f no limitations are imposed upon the order of magnitude of the
gradients of the macroscopic physical quantities (temperature, composi-
tion), then when the Reynolds number approaches infinity, the relation-
ships (1.7) to (1.10) are converted into the relationships for shock
waves in an ideal (nonviscous non-heat-conducting) mixture composed of
N components

P1Ci1 (D — vny) = pocig (D — vno) (i=1,...,N) (1.15)
P1{D —wn) = pa (D — vny) (1.16)
P1(D —vm) Vi — pit = pp (U — Un2) Vo — pond (1.17)

p1(D —vm) (31 + %1712) ~ P1Vny = Pa (D — vnp) (32 + "12“”22) — patna (1.18)
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Let us derive the relations on a surface of strong discontinuity to
the approximation of the boundary-layer theory (R - o).

Let S(x, y, z) = 0 be the equation of the surface past which the flow
takes place. We shall assume the function S to be an analytical regular
function, such that at any point the surface S = 0 has a non-zero radius
of curvature. If we choose the traces of curvature to be the coordinate
system x, z on the surface S = 0, then the system of surfaces parallel
to the surface S = 0 and the family of unfolding surfaces, formed by the
normals to the surface S = 0 along the coordinate lines x, z, form a
triply orthogonal system of surfaces [7 1. The linear coordinate along
the normal will be denoted by y. In this triply orthogonal curvilinear
coordinate system we obtain relations (1.7) to (1.10) for R ~ 0(1/5)2,
where | is a characteristic length, & is the thickness of the boundary
layer. Qnitting the derivations, the results are

[pci (D + uuoB + wwny — ) —J;,)) 20(-;7%) (i=t,...,.NM (119

[P(D+uun8+wun'r—v)]=0(———1:ﬁ—) (1.20)
() =0 () (1.21)
[p(D—f—uunB—f—wum'r——v)u—}—p %]:0(—%) (1.22)
[p(D+uueptwuny—v)w+pe]=0(%) (1.23)

[p(D+uwn‘B+wunr—v)(e+"5”;wz)+P(umdB+wm7~v) +-
En ()] =o(}) a0

or, if we introduce the enthalpy of the mixture h= e + p/p

(1.25)
[P +uwBtwmy—o) (et “FE) 42 () gy = 0(4)

Here and in what follows, the square brackets will represent the jump
of the quantities therein: 8 is the angle in the plane z = const between
the tangent to the discontinuity surface at a given point and the tangent
to the contour of the body at the point of the same x; y is the angle in
the plane x = const between the tangent to the discontinuity surface at
a given point and the tangent to the surface of the contour at the same
z
de,*

S — DT dlnT (1.26)

N
n2
J iy = — E mymy Dy 3y
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Jy=—4% +5 2 Z e nD, —(Viw—Vu) + 2 hely  (1.27)

k=1i=1 r=1

Note that to the approximation of boundary-layer theory the effect of
pressure diffusion drops out of Expressions (1.26) and (1.27). In the
case of a binary ideal mixture the expressions for J, iy and qu in (1.19),
(1.24) and (1.25) assume a particularly simple form

de; m.m; alnT
i j
Jiy = —ij e p@ij ( By + ) oTCic; 3y ) (128)
aT .
Joy=—M G-+ oz ——‘: Jiy -+ (hs — hy) Ty (1.29)

In the case of a homogeneous fluid the relationships (1.19) to (1.25)
become the known relationships for plane parallel motion [51].

In the case of an inhomogeneous viscous heat-conducting fluid, rela-
tions (1.19) to (1.25) alone are not sufficient for a single-valued
transition through the surface of discontinuity. This was noted to be
the case for a homogeneous fluid in [5]. For a single-valued transition
through the surface of discontinuity it is necessary to impose additional
conditions.

In the case of a sufficiently dense viscous heat-conducting mixture it
is natural to assume equality of the tangential components of the
particle velocity at the discontinuity surface, and equality of the
temperatures on both sides of the surface of discontinuity. For R » e
these conditions assume the form

ur = u,, Wy = W,, ry=T, (1.30)

The additional relationships for the concentration of gas components
on the discontinuity surface may be different and may be determined from
the physical nature of that surface. From the theoretical investigations
[8] and many experimental results (see, for example, [91), it follows
that the process of evaporation of gases in a stream takes place according
to the kinetics of diffusion, i.e. the partial pressure of the gases on
the surface of evaporation is equal to the saturation pressure for the
temperature of the surface. Consequently an additional relation in the
case of evaporation will connect the pressure to the temperature

pi=1(T) (1.31)

where p; is the partial pressure of the gas on the evaporating surface
and T is the temperature of the surface. If we approximate and assume

that the latent heat of evaporation ! does not depend on temperature,
then [10 ]
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pi =exp (~% + a) (1.32)

where a is a constant for a given substance. In place of (1.31) it is

convenient to have a relation between the mass concentration c; and T on

the surface of evaporation. Using the equality ¢;* = Pg/P» we obtain

N
eml e T 1.33
o=y — 1] %i i (1%

where p is the static pressure of the mixture on the surface of evapora-
tion (in the approximation of boundary-layer theory dp/dy = 0 and p = p
is the pressure outside the boundary layer).

Under certain conditions, which may be determined only after the
evaporation problem is solved, the pressure of the gases in some regions
of the surface of evaporation may reach the outside pressure p,_. Then
boiling will begin in these regions and an additional condition on the
surface of discontinuity in these regions well be

Pi = P (1.34)

Since the external pressure varies along the surface of discontinuity,
then because of (1.31) and (1.34) the temperature will also vary along
the boiling surface.

In the case of sublimation of certain substances, for example,
graphite, intensive evaporation begins at a certain temperature T
characteristic of a given substance. At a surface temperature smaller
than T, the evaporation may be neglected. In this case, in addition to
(1.30), we may establish the condition Ty = T, = T,. The composition on
the surface of sublimation in this case is determined during the process
of solution.

In the case of strong variations of the outside pressure along the
body contour at the points of the body where the pressure is greater than
the pressure of the triple point of the phase diagram, but smaller than
the pressure at the critical point, the body, for sufficiently great
heat flows, will melt on the side to the gas, accompanied by evaporation
(or even by boiling) of the fluid film; in the case of small heat flows
it will sublimate. At the points where the pressure is smaller than the
pressure at the triple point, the body will sublimate. Consequently, in
the general case, lines will form on the surface of the body dividing
the regions of melting with evaporation and the regions of sublimation.
The location of these lines is not known beforehand and must be found in
the process of solution. Because of the assumptions (1.30), relations
(1.22) to (1.25) are significantly simplified:
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pal-ols)  BEl-o() e
[p(D+ vten B -+ wiany —v)e — pr — J ] = 0( V%. (1.36)

or
(p(D+ uwanf + wony —o)h—Jg] = O (7%) (1.37)

As an example we shall write down the set of final conditions, which
determine the single-valued transition through the surface of evaporation
from the fluid phase past which a mixture of gases flow. Combining con-
ditions (1.19), (1.20) and (1.37), we obtain

pP(D+uwn B+ wany —v)(1—c;)+ Jiy =0
pex (D + B+ wany —v) — T4y =0 =1 i—titt.. N

p(D+utnB 4 wiany —v) =p, (D + vyt § -+ wy tany — vy)

) a 2 e
P=pi, ug,—gzpl—a“j, B3y = P (1.38)
o mD, T oT ar
p(D-{'—nt—I—wtan'}’—?))l—-'%ZZn:@ ( ky ™ Vty)zlré-y—l—?k@
k=1 l=

N
—_ ck
U=y, w = wy, T =T, c,_m1<j(T) 1) kﬂ—r;;

where quantities without indices refer to the gas mixture on the surface
of evaporation, the quantities with index 1 refer to the liquid phase on
the surface of evaporation and those with index i to the vapor components.
Direct counting of conditions (1.38) shows that they are sufficient for

a single-valued transition through the surface of evaporation.

The compatibility conditions on the surface of combustion may also be
obtained from conditions (1.7) to (1.10) in multiple-component mixtures

by adding additional assumptions about the kinetics at the front of com-
bustion.

2. Example 1, Let us consider the flow past a flat plate with diffusion
of a fluid through its surface when taking into account the evaporation
of the film,

Let it be assumed that a fluid diffuses through the surface of a
plate, past which flows a uniform plane parallel stream of gas. This
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fluid forms & thin film along the plate which is dragged by the outside
stream. If the outside stream is a hot gas, then the liquid film will
evaporate intensively, thereby diminishing the heat flow directed to the
wall (shielded cooling). The solution of this problem is reduced to the
solution of a system of equations of the boundary-layer type for a binary
mixture gas-vapor in the outside stream

8 8 Bul 5&1 a acq
5z (P141) + 52 (101 = 0, P1 (ul Bz T a—y) =5y (!‘1 W)

de ac i) dc
Pl(ul %+01@>x@(91@12@) 2.1y
aH oH 3 8H u de
% 0 gg) = {5 [ + o0 5 () (T 1) (00 )
e | —
H=h+F. o= (ot )

(P-—Efg Prandtl Le—Y Lew number)
1=~ —Pran number, L = PCpo — Lewils )

and the boundary-layer equations for a liquid film
a a Ou /] du
5z (Paus) + 3y (P2ve) =0, pa (uz p * Loy 8;) 5y (pz a—;): pa= Pe(Pa,T2)  (2.2)
dH. 8H, ye [0H, 0 /u? uy?
(s 5+ gy ) = 2y {Pﬂ Gy TP %a(’z’ﬂ} Hy=ha 5

These systems of equations may be solved using the following boundary
conditions:

1) in the stream at infinity

hy=h, (2.3)

Uy = uco, € = Coy

2) on the surface of evaporation (D = 0)

de du Bu
P1 (w1 tanB — 1) (1 —¢p) — 91@125;! =0, 15% 7;3;1 =uza—yz
p1{uatanf — v1) = py (uem B—w), u=uy, T1=T=T, (2.4)

ar 1
put (7o) (aen B — ) = ha 0y —h 63/1 [ T (f Ty —1) mx}

3) on the porous plate

y
Uy =0, p= Poo ( "m“w) B,  Hi=h, (2.5)
x

where the index o refers to the values of the parameters outside the
boundary layer, the index 1 to the binary stream in the boundary layer,
the index 2 to the film, the index 0 to the still unknown values of
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concentration and temperature on the surface of evaporation, the index

w to the values of the quantities on the wall; u and v are the components
of the velocity along the z- and y-axes, respectively, along the plate
and its normal, ¢ is the concentration of the vapor, pt1) and p¢2) are
the partial specific enthalpies of vapor and gas respectively, »; and By
are the molar masses of vapor and gas, respectively, B is a given
dimensionless constant connected with the mass dispersion of the liquid
Qc through the surface of a plate of length I given by the formula

Qc — uoolpoo
B= o] VR, R= ™ (2.6)
The following assumptions were made in formulating this problem: the
motion of the film and of the bihary mixture under the film is laminar;
there are no external mass forces; the effect of thermal diffusion is
small and may be neglected in comparison with the ordinary diffusion in
the diffusion equation and in comparison with the heat conductivity in
the energy equation. The feeding of the liquid through the plate takes
place according to the special law

vy (&, 0) ~ &~

If, further, we make the assumption that P1 = P2 = L =1, then it is
easy to note that the equation of diffusion and the equation of energy
allow the following integrals:

Cc=0 + Bulv h1 = Ch(l) + ('1 — C) h(z) =0 + B‘ul ——%‘ u12, h2 = Oy + Bgltz — % u-f (2.7)

where a and 3 are constants of integration. The first two integrals are
direct generalizations of the Crocco integral for the case of a binary
stream.

Investigating this case further, to simplify the calculation we shall
look for a solution of the system of equations (2.1) and (2.2) in the
form

2

LY Yy u;
u =9, (M), Pi”i=1/2(,f§) [m9;" () — @; (M), by = a; 4 B; iy (i=1,2)

1
¢ =a -+ Bui (n), n= (—u?‘i> /’y (2.8)
Veo®
where the density and the velocity components z and v are made dimension-
less with respect to p and s, respectively, and the enthalpies

hi (i =1, 2) with respect to qwz. Substituting Expressions (2.8) into
Equations (2.1), (2.2) and boundary conditions (2.3) to (2.5), we arrive

at the following boundary-value problem:
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dn 2 dn

* * * 1 VOO l/' »
a) =1, @@ =@m), w=w—w, ws=1(2=)%
00’

e =)y =wO=0 ®O=—B

du; du, .
-fi—(pid—;)%‘?—i—f:f’, p=er () (=12 (2.9)

du
1 (*I )(1_¢0) 4 —u* )__<p. 671) {Coo — C0)s co =P (Ty) (2.10)
@ (n ) hag—~hyy —3/u*? ko, — ho(z) +1/a(1—u" Vo gD —hy(V) }
HTY = (p Bn) [ u' 1—u*

where the latent heat of evaporation I(T )} is measured in units of u 2,

p in the units of g, ¢y = Y(T,) is the short notation of the vapor
pressure curve.

Every equation of (2.9) is of the third order (because piu; = ¢i’)
and, furthermore, n°*, n®*, <5 and Tb are four unknowns., Relationships
(2.10) give us exactly ten conditions. After this boundary problem is
solved, the fields of concentration and of enthalpy are determined from
the equations

“%—cu —Cp .
¢ == rpE— + o u (2.11}
h;x hm-—u‘hw 1/2“ (1-——-“‘) + koo"hlo"}'vﬁ‘(i——-u'z) ul——zf (2'12)
i—u* 1—u 2
hgy— R 1/5u*2 2
Mo by T B, (243)

To solve the problem (2.9) to (2,10) we shall introduce s new
dependent variable @ = pdu/dy, and we choose u to be the independent
variable [ 11,12 ]. Then, in terms of these new variables, we have the
following boundary-value problem:

d2(\)i ui
T Tz =0 (i=1,2) (2.14)

o) =0, @@)=0("), o @)=0r@) o0 =18
o’ (B*) (1 =) (1 —u*) =01 (u*) (eg—e ) e =P (Ty)
01" (u*) 1(To) = o1 (u*) A (T, u*) (2.15)

where

oy = oo — B s (1 — u?) - o (ho®— BeM) gy —hyy —Vfu
ATq w7 == 1—u' - u*
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The system of two equations of the second order (2.14) with three un-
known parameters u*, ¢ and ?b with the boundary conditions (2.15) has
to be solved with the help of seven conditions (2.15). Consequently it
is expected that a unique solution of the problem will be obtained. To
simplify the solution we shall assume that the quantity p . is constant
in every region, Without restricting the generality of the solution we
assume

pipr =1, palts = K?
We shall look for the solution of the problem in the form
0 = 0% (u), o = Kaw_, (@ u)

where QY?(“) is the single-parameter family of solutions of equation
2we”+ u= 0, determined for u < 1 and satisfying the condition
ak?(l) = 0, @,(u) is the solution of a Cauchy problem:

200" +-u =0, o, (=1, w,, (0) = tan7y

(both families of the solutions “k? and Wy have been studied in [51).
where ¢ is an additional parameter subject to further determination.

With function w, so chosen, the boundary condition w;(1) = 0 is satisfied
automatically. The remaining conditions (2.15) give a system of six
transcendental equations

0y (v) = Kao,, @), o™ () = Koo, (@7"%), Ko uny, = L p (2.16)
0™ (W) % " ‘o O™ (W) ATy, u) T
o0’ @) T (1—c) (1 —u')’ o’ W) T Ty co= Y (Ty)

for the determination of six unknown quantities: C, u*, a, Yor €g and 15,
The functions ak?(u) which do not vanish between 0 and i, are given by
the formule

—3 , R} ,
©° (U) = ug “m“(uug, 0% (u) =u, ﬁmYl(uu@

where “0(71) are the zeros of the functions Wy e (u). Therefore, for
these functions the angle y,(C= y;) and

wgs® {u*) m“’ (u” u,)

e’ @) T %o o, (W)

serve as parameters instead of C.

The values of the functions @y (u) and uy(y,) are adopted from [5]
in the form of a table, which is supplemented by the values of the deri-
vatives ., ().

For large values of tan Y1 the asymptotic representation “&1(") may
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be used [5 1. Then we obtain
0c° (u) = X0, (uX), 0c> (1) = X ey (uX), X =2608 (2.17)
where w;(u) is the solution of the Cauchy problem
200" +u =0, ©(0) =0, @ 0)=1
The corresponding relation

oc” (7)o, (u*X)
0% (1) T 7 (1t X)

for large tan Y1 does not depend on the parameter y,;. Functions ﬁk?(u),
having another zero in (0, 1), are equal

oc’ (u) = 0;° (u) €=y

where the functions a?° are the solutions of the boundary-value problem
200" 4+ u =0, o(§)=0, o(1)=0, O<ELY)

and tables of these functions are given in [5]. Since for Yy = /2 and
£ = 0 the integral curves coincide, the functions (2.17) may be used in
this case in place of the functions “bo(“) and ab°’(u).

Direct determination of parameters C, u*, a, Y2 € and 1b from the
system (2.16) requires extensive calculations for each group of given
parameters. However, if we apply a semi-inverse method of solution to
the system (2.16), then system (2.16) may be solved consecutively without
difficulty. Indeed, let the quantity u®* be given (the approximate value
of the dimensionless velocity u® on the surface of evaporation may be
assumed to be equal to the value a* disregarding the evaporation from
[51). Then from the last three equations (2.16) we find the values g
Ty and C at once. Knowing u* and C, we find @ and y, from the first two
equations of (2.16) using a graphical method. The third relation will
give the value of the parameter of inflow B corresponding to a given value
u®* and given values of the parameters of the problem. Two or three trials
in the choice of u* lead to the desired value B.

In an analogous way the system (2.16) may be solved by choosing o
(the concentration on the surface of evaporation). Upon solution of the
system of equations (2.16), from Equations (2.11) to (2.13) the fields
of concentrations and enthalpies and the coefficient of friction are
found;
uoozpoo

Hoo

¢ V R, == 203 (0) = 2Ka, R, =
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and so is the heat flow g, toward the plate

@V Ry Ko hag == hyy - Mg 2ug,

Poolco u

where h20 - hv is the dimensional difference of enthalpies of the liquid
on the surface of evaporation and on the wall,

3. Example 2. Let us investigate the sublimation of a plane wall in a
uniform gas flow. Let a uniform gas stream move along a heat-conducting
wall with a velocity u_. If the static pressure p, is smaller than the
pressure at the triple point of the phase diagram of the wall substance,
then, depending on the parameters of the oncoming stream and the condi-
tions of the heat exchange on the other side of the wall, the surface of
the wall whiéh is directed toward the gas will sublimate (evaporate, by-
passing the liquid phase) or, if the pressure is larger the vapor pres-
sure of the substance of the wall (if such exist) it will condense from
the stream immediately into the solid phase. If the x-coordinate is
measured along the wall, and the y-coordinate normal to the wall, then
this problem will reduce to the solution of the system of equations for
the non-steady (because of the change in one boundary of the wall) binary
boundary layer and of the equation of heat conductivity in the wall

ap A du a du de ar dc
wraven=0 oF=2W5) e Z=z(EDez) 6D
dH 8 {p [0H 9 [udy | (1 W@ 93]}
oG =\ e + 005 (2)+ (T 1) 00 g
0T 0/ 0T (3.2)
Plcl—at‘m@(1a—y>
with the following conditions:
1) in the stream of infinity
u=u,, hzhoo, ¢ = ey 3.3)

2) on a yet unknown surface of sublimation

de
{)(D—-?})(1~——co)'::p@m@, p(DML’)———pr, u:(}, T:Tlr—‘T{;

o7, oT
PD—=0) LT =hip, — A7, =P (T (3.4)
3) in the wall at infinity
Ty =T_q, (3.5)

where index 1 refers to the parameters of the wall, index 0 to the para-
meters on the surface of sublimation, which are known only after the
problem is solved. The remaining notation coincides with the notation of
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Section 2.

In writing the equation of heat conductivity in a body (8.2), the
assumption was made that the thickness of the thermal boundary layer in
the body is sufficiently small compared with the characteristic length
of the wall., Therefore, in the equation of heat conductivity the deriva-
tives with respect to x may be neglected relative to the derivatives
with respect to y.

In addition to conditions (3.3) to (3.5) it is necessary to write the
initial conditions of the problem.

If we 1limit the investigation to the particular case where P=L =1
and look for the temperature of the surface of sublimation, then the
solution may be obtained in closed form by making certain assumptionms.
Let us make the basic assumption: that the velocity of propagation of
the surface of sublimation D depends only on the x-coordinate and does
not depend on time. Thereby is established at each point of the surface
a particular stationary mode of sublimation depending on x. The condi-
tions under which this assumption is fulfilled will be shown below. Then
the solution of the equation of energy diffusion and the equation of
heat conductivity, taking the boundary conditions (3.3) to (3.5) into
account, will be

i
¢ =€+ (€5 — ) %‘f y h=hy b (Ho—Ry) uu(;;) —5u(n) (3.6}
u M(T_o)
u . D . . 00
Tl""= T___ooﬂl (Tll)v n"': r:;_(y”‘Dt), nl— K(y Dt)r XI == p1 (T.-oo) ¢ (T—oo)

where the function @,(7,) is the solution of the boundary-value problem
d a6; 201 T

b O]+ N =0 aO=pr=n Gl =1 (P<0 @D
which upon integration by two quadratures finally becomes [ 13 ]

0 L(byde d: M (1) — M (Hy) ,.
"1:§M<el>—M<1)’ =" L 8

where
MET)=MT_ L), p(Ty)er(Th)=p1(T_)er(T_o) N (D)
M (B = S N (62401

In the solution (3.8) the quantities with index 0 are unknown and
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must be determined from conditions (3.4), which yield two transcendental
equations
G Ce  Hep—h® 4 o (1 — n)
T—¢ (T +aT_T_o[M(n)—M (D)’

€o = P (Ty) (3.9)

for the determination of the concentration ¢, and the temperature Yb on
the surface of sublimation. From the system (3.9) it follows that the
temperature of the evaporating surface approaches the temperature of
boiling only for H_ - 0, i.e. in the case of infinitely great heat inflow
from the gas.

Let us show now under what conditions the solution obtained above is
valid. Consider the solution of the problem (3.1) to (3.5) in the follow-
ing form (the normal velocity of propagation of the surface of sublima-
tion does not depend on time):

1 v, e
5 (uﬁ) [0, —om 0+ Lo0,1)]

I

ou =@y (1, ), pv

i "Voouoo)‘fz
D:._, —— t .
p1 2( 290, 1) (3.10)

where velocities u and v and densities p and p, are measured in terms of
the quantities u  and p . The substitution of Expressions (3.10) into the
equation of motion yields

¥} du Ju Su du T ¥l
;9;({0—03;])+§3;=§f,—lcp<0.r);,+px'a—;+mcpw, UE R
where r = u_t/l. The first term on the right-hand side of this equation
may be neglected, since for all condensing media p/p, A 1075 1074

The second term on the right-hand side is also small, since the character-
istic time l/q” for all except very small velocities is small, This
approximation physically corresponds to the obvious fact that the local
acceleration produced by the motion of the surface due to sublimation is
small compared with the convective acceleration.

The last term in Equation (3.11) is small only for sufficiently small
initial intervals of time. However, since this term contains a small
number 1/p ~ 10753-107% as a multiplier, the intervals of time for
which the last term on the right-hand side of (3.11) may be neglected
may, in effect, extend over several tens of seconds. By these approxima-
tions the Blasius equation is obtained:

g ( ;du 2(_1_!5__ e B 3
dn (” dn>+ zan =0 (w= uoo) 342
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The continuity equation is satisfied to the same approximation, as is
easily shown by substituting into it Expressions (3.10). The boundary
conditions (3.3) to (3.4) are satisfied exactly. They give

(© d
u(OO)’-'—'-ig u(()),.,-:(:ly ?;2")(1—00):—-(6@—-00)“1&%
o d
R T 4 s (T T (M ()= M () = — oo — B o+ g, (B — 1))
(3.13)
cg = P (Tq)

Consequently, when the assumptions enumerated above are satisfied, as
a result of which the right-hand side of Equation (3.11) may be neglected,
the solution of the problem of sublimation of the wall is established
for constant velocity of propagation of the surface of sublimation, de-
pending only on the coordinate x(D ~ 1/ v/x).

To solve this problem let us introduce s new variable w= p'du/dq and

choose as independent variable a nondimensional velocity u. Then we ob-
tain from (3.12) and (3.13)

a2
At =0  oM)=0, o (0){—c)=(ca—1cy)0(0)

(3.14)
@ (0) {{T0) + 1 (T_o) T [M (n) — M ()]} = 0 (0) [H o, — Bo'¥ + ¢ (B! — kD) ]
Cp == ‘P (To)
The solution of this problem will be (pp = 1)
= [
0 (U} = ug o, (Bug), 7 ::Sma’a
b (3.15)
e G G _ Hg— b o (he™® — kD) _
s v T N ST Y N1 Ay T R R A

where the function uy(y) is calculated in [5] and is given in the
table. From the last three equations ¢g» Ty and the angle y are easily
determined for every ensemble of given parameters. Knowing y from the
tables, we find z, and then the profile of the velocity u(p).

The fields of concentrations and temperatures in the gas as well as

in the body are defined by Equations (3.6). The coefficient of friction
is found from the equation

e VR, =20{0) = 2ug"(y) (3.16)

The values of the function u°~3/2<y) are given in the table. In the



308 G.A. Tirskii

TABLE
u y° D150 n ©e® Do u @ w:
0 1.00 0.2679 0.8 1.768 0.8941 0 0 1.00
0.1 1.027 0.2655 1.0 1.942 0.8457 0.1 0.098 0.949
0.2 1.053 0.2583 1.2 2.406 0.7915 0.2 0.190 0.897
0.3 1.078 0.2466 1.4 2.258 0.7320 0.3 0.277 0.844
0.4 1.402 0.2305 1.6 2.398 0.6676 0.4 0.359 0.789
0.5 1.124 0.2103 1.8 2.525 0.5966 0.5 0.435 0,732
0.6 1.144 0.1861 2.0 2,637 0.5251 0.6 0,505 0.674
0.7 1.161 0.1580 2.2 2.735 0.4469 0.7 0.570 0.614
0.8 1.175 0.4259 2.4 3.816 0.3641 0.8 0.629 0.551
0.9 1.183 | 0.0899 2.6 2.880 0.2764 0.9 0.680 0.487
1.0 1.193 0.0500 2.8 2.925 0.1833 1.0 0.725 0.420
1.4 1.196 (.0060 3.0 2.952 0.0847 1.1 0.763 0.350
1.11 1.197 0.00 3.16 2,950 0.00 1.2 0.794 | 0.276
n @yy? @y00 t " e { I t " T @ w0,
0 1.00 0.5774 0 1.00 1.732 1.3 0.818 0.199
0.2 1.1415 0.5684 0.5 1.858 1.698 1.4 0.834 0.117
0.4 1.226 | 0.5431 1.0 2.685 1.618 1.5 0.842 0.031
0.6 1.332 0.5043 1.5 3.466 1.517 1.55 0.843 .00
O.g 1*§2g 0.4538 %.g 2.;2% 1.42%
1i. 1.380 0.3936 . . 1.2 o ~3f,
1.2 | 1.581 | 0.3238 | 3.0 5.462 | 1.447 v \ wt) | T
1.4 1.640 0.2431 3.5 5.997 1.005
1.6 1,683 0.4529 4.0 6.458 0.855 --90 0 [¢9)
1.8 1.707 0.0526 4.5 6.842 0.695 —-75 0.25 8.51
1.88 1.708 0.00 5.0 7.443 0.525 —860 0.52 2.67
—45 0.83 1.32
~30 1.20 0.762
, . -—15 1.60 (.494
u Wy Wyso w w5 Wae 0 2.08 (0.334
15 2.73 0.222
30 3.80 0.135
0 1.00 1.00 5.5 7.357 0.344 45 5.75 0.0725
0.2 1.198 0.9M17 6.0 7.477 0.150 60 11.0 0.0274
0.4 1.395 0.9690 6.38 7.50 0.00 L ug =
0.6 1.585 | 0.9357 — —_ — =% |2.608un2y| 0.00

case of large heat inflows from the gas tan y - «. Using the asymptotic
representation of the function u,(y) = 2.608 tanzy. we obtain for the
coefficient of friction of a strongly sublimating wall. the simple equa-

tion
¢; VR, = 0.475 (tany)~® = 1.238 1=c

—c
o= Cqo

From this equation it is seen that when boiling is approached the
coefficient of friction approaches zero. This effect of diminishing the
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coefficient of friction due to an increase of the intensity of evapora-
tion is analogous to the effect of decreasing the coefficlent of resist-
ance of friction by blowing gas into a boundary layer [141].
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